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Significant learning outcomes

Conceptual Knowledge

» Explain the steps in deriving the momentum equation.

» Define an inertial reference frame.

» ldentify the accumulation and momentum flux terms in the momentum
equation.

Procedural Knowledge

» Apply the component form of the momentum equation to stationary and
moving control volumes.

Typical Applications

» For jets, vanes, nozzles and pipe sections, calculate forces and
moments.
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6.1 Momentum equation: Derivation

Newton’s Second Law : The net force acting on a
body is equal to the product of mass and acceleration

of the body or

The net force acting on a body is equal to the rate of
change of momentum of the body
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6.1 Momentum equation: Derivation
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6.2 Momentum Eq: Interpretation
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Force diagrams =3 ) L T_l_T :
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Considering the fluid in order to s
calculate shear stress (Fig. b) @ ) ©

YF=(p - pz)%Dz — DL — y (7D’ 4)L

In order to calculate tensile forces in the pipe wall (Fig. c)

S F=(p, - p»%DZ——Fl—FZ—(\Np +y(AD? 1 4)L)

CIVL 4046 Fluid Mechanics 5



Fixed control volume

Choosing a control volume

Fixed and moving control
volumes

Choice of control surfaces

Deforming
control volume
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Systematic approach

Problem Setup

Select an appropriate control volume. Sketch the control volume and
coordinate axes. Select an inertial reference frame.

|dentify governing equations.

Force Analysis and Diagram

Sketch body force(s) (gravity, buoyancy) on the force diagram.

Sketch surface forces on the force diagram (forces due to pressure
distribution, shear stress distribution, and supports and structures).
Momentum Analysis and Diagram

Evaluate the momentum accumulation term. If the flow is steady and other
materials in the control volume are stationary, the momentum accumulation
IS zero. Otherwise, the momentum accumulation term is

evaluated by integration, and an appropriate vector is added to the
momentum diagram.

Sketch momentum flow vectors on the momentum diagram.
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6.3 Applications

Fluid jets

Nozzles

Vanes

Pipe bends

Drag force on wind tunnel models
Force on a sluice gate
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EXAMPLE 6.1 THRUST OF ROCKET

The sketch below shows a 40 g rocket, of the type used for

model rocketry, being fired on a test stand in order to evaluate

thrust. The exhaust jet from the rocket motor has a diameter

ofd=1cm,a speed of v = 450 m/s, and a density of e -
p=05kg/ m’. Assume the pressure in the exhaust jet

equals ambient pressure, and neglect any momentum changes

inside the rocket motor. Find the force /, acting on the beam

that supports the rocket.

Sketch:

ﬂ
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Solution

1. The control volume chosen is shown below. The control
volume 1s stationary. r—

-

FD
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. From the force diagram, the force on the control surface
exerted by the beam is chosen as downward (negative
z-direction) with magnitude F,. (The corresponding force
exerted by the rocket on the beam is upward.) The weight
also acts downward. Also there is no pressure force at the
nozzle exit plane because exit pressure is atmospheric.

. The momentum diagram shows only one momentum
outflow and no inflow.

. Momentum equation in z-direction:
ZF.=£]-[ v-pd¥+Zrh V.= D My,
“dt)ev © = 0" oz = 17z

. Sum of forces.

» FoslF=
:..Fb_mg 11
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6. Evaluation of momentum terms.
* Accumulation term: No changes in control volume,

C-?—;vav:pd¥= 0.

m T T

* Momentum inflow: No inflow, > v, = 0.
s

« Momentum outflow: » s, v, = m(—v) = —pAv°
Cs
7. Force on beam:
-F,,-mg — -pAv2
F, = pAv’ —mg
= (0.5 kg/m”)(m x 0.01° m*/4)(450" m’ /Siii

~(0.04 kg)(9.81 m/s) |
F, =756 N

The direction of £ (on the beam) is upward.

Il
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EXAMPLE 6.2 CONCRETE FLOWING INTO CART

As shown in the sketch, concrete flows into a cart sitting on a

scale. The stneam of concrete has a densnty of

p = 2400kg/m anareaof 4 = 0.1 m’ , and a speed of R
v = 3 m/s. At the instant shown, the weight of the cart plus

the concrete is 3600 N. Determine the tension in the cable and

the weight recorded by the scale. Assume steady flow.

Concrete

Scale
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Solution

I. Control volume selected is shown on diagram. Control
volume is stationary.

! I | !
! |
- ; | |
| I | ] ||
‘___Q_...T.__Q_J EROSK, T A R
N
FD MD

2. Force diagram shows the tension in the cable and the
weight on the scale.

3. Momentum diagram shows only an inflow of momentum.
Velocity of the concrete in the tank is neglected.

4. Component momentum equations
* Momentum equation in x-direction

ZFJ:‘%vaxpdV-i-%rhovm—%rh,v& (a) u



* Momentum equation in z-direction

d - .
ZFI i va v pd¥+ zmﬂvar - Emﬂ’:‘;

5. Forces from the force diagram

ZF.\' i
>F.=N-W

6. Evaluation of momentum terms
* Momentum accumulation: v, = 0, v. = 0, 50

g-;fwvxpdV= 0, C%L\.v:pd-V= 0.
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« Momentum inflow

Zmivix
Cs

mvcos60° = pA v cos60°

m(—vsin60?) = —pA v’ sin60°

Z ’hl'vi:
s
« Momentum outflow: No outflow, so.

Zn’:,_,vox = 0, and zrhovo: = (.
Cs Cs
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7. Evaluate tension in cable using (a).

-7'=—pA v’ cos60°

T = (2400 kg/m’)(0.1 m*) (3 m/s)’ cos60°
=[1080 N

Evaluate force on scale using (b).
N - W = —(-pAv’sin60°)

N = W+ pAv sin60°
= 3600 N + 1871 N =[5471 N
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EXAMPLE 6.3 FORCE ON ANOZZLE

The sketch shows air flowing through a nozzle. The inlet
pressure 18 p, = 105 kPa abs, and the air exhausts into the

atmosphere, where the pressure is 101.3 kPa abs. The nozzle g

has an inlet diameter of 60 mm and an exit diameter of 10
mm, and the nozzle is connected to the supply pipe by
flanges. Find the air speed at the exit of the nozzle and the
force required to hold the nozzle stationary. Assume the air
has a constant density of 1.22 kg/m’. Neglect the weight of

the nozzle.
m/ Flanges

Sketch:
—~—

— ——

Flow ,,//"@_

“J@
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Solution

1. Select control volume (and control surface). Control
volume is stationary.

in! |
| @ o ® =
o : _______ ! "“"lT’ :__-—_-_".:".':-:j b
SH o)“[

D MD

2. Force diagram shows force due to pressure and force from
flange.

3. Momentum diagram shows a momentum inflow and
outflow.

4. Application of the Bernoulli equation between sections |
and 2

1 2 1 2
P15 TgP¥L = Lot Yt gV
* Set z; = 2,.

* Set p, = 0 kPa gage, and now
py = 105 kPa—101.3 kPa = 3.7 kPa gage.



The Bernoulli equation simplifies to
P+ pvi/Z = pvg/?.

From the continuity equation,

V|A| = V2A2
Vldf = "2"‘;

Substitute into the Bernoulli equation and solve for v,:

W=J 2p,
T Np(1=(dy/d)))

Evaluate exit velocity:

i J 2 x 3.7 x 1000 Pa
(1.22 kg/m")(1 - (10/60)*)

Inlet velocity is

2
Wy = Pal o=
| 2 dl :

= 77.9 m/e X [3 Sy e wl 20

=779 m/s




5. Momentum equation
. . :
Z_Fx B dthvvx pd¥+ %m"vox =3 %mivix
6. Sum of forces in x-direction eSsmeee - -
ZFx = F+plAl

7. Term-by-term evaluation of momentum terms
* Accumulation term: Flow is steady,

d
ijvxpd¥=0.

* Momentum outflux with one outflow at section 2,
Zrh,,vmr = thv,.
CS

« Momentum influx with one inlet at section 1,

>ty = . N
Ccs



8. Force on flange
F4p, A, = nm(vy—-v,)
F=pdvi(va—v))—p 4,

= (1.22 kg/m™)( T)(0.06 m)’(2.16 mis)
X (77.9 - 2.16)(m/s)

2 m 2
3.7 % 1000 N/m® x (Z) (0.06 m)

=0.564 N~ 1046 N =/-9.90 N

Because F 1s negative, the direction is opposite to the
direction assumed on the force diagram. Hence, the force
on the control surface acts in the negative x-direction, but
the force on the flange will be in the positive direction,

Force on flange = 9.90 N

The tension in the bolts holding the flange will be
increased.

22
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EXAMPLE 6.4 WATER DEFLECTED BY A VANE

A water jet is deflected 60° by a stationary vane as shown in
the figure. The incoming jet has a speed of 30 m/s and a
diameter of 3 cm. Find the force exerted by the jet on the

vane. Neglect the influence of gravity.

Sketch:

CIVL 4046 Fluid Mechanics
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Solution

1. The control volume selected is shown in the sketch. The
control volume is stationary.

FD

2. The force diagram shows only the reaction force.
3. The momentum diagram shows an inflow and outflow.
4. Vector form of momentum equation.

ZF= diva deV"l' ;'hr)vo-g’hiv!

5. Force vector is

ZF:-in..ij 2



6. Evaluation of momentum terms
+ Control volume is stationary, ‘-% [ pvd¥ =0
. cv

« Momentum outflow vector,
Zn'?ov‘, = [(mv cos60°)i — (mv sin60°)j].
CS

* Momentum inflow vector, Zﬁ?,-i’,- = mvi.
s

7. Mass flow rate

m = pAv
= 1000 kg/m3(1r x 0.015° mz)(30 m/s)
= 21.21 kg/s
8. Force

For each component,
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Force in x-direction

Fo=

=

X

—F, = mv cos60° - mv

—F, = —=mv sin60°

mv(1l —cos60°)

(21.21 kg/s)(30 m/s)(1 — cos60°)

318.15 N

Force in y-direction

F,=[551.05 N

F), = mv sin60°

= (21.21 kg/s)(30 m/s)sin60°

The force of the jet on the vane (F} is opposite in
direction to the force required to hold the vane stationary

(F). Therefore,
F.i = (318.15 N)i + (551.05 N)j 2



EXAMPLE 6.6

A 1 m—diameter pipe bend shown in the diagram is carrying
crude oil (S = 0.94) with a steady flow rate of 2 m’ /s. The
bend has an angle of 30° and lies in a horizontal plane. The

FORCES ACTING ON A PIPE BEND

volume of oil in the bend is 1.2 m’, and the empty weight of
the bend is 4 kN. Assume the pressure along the centerline of
the bend is constant with a value of 75 kPa gage. Find the net

force required to hold the bend in place.

R

/ Bolted flange

Flow

\4300

CIVL 4046 Fluid Mechanics
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Solution

1. The control volume selected is shown. The control volume
is stationary. The z-direction is outward from the page.

2. The force diagram shows pressure forces and the
component reaction forces.

3. Vector form of momentum equation
szﬁj pv ¥ + zﬁ?ovo—zﬁ?iv,-
dtlev cs cs

4. Sum of the forces: The weight of the pipe and fluid therein
is W and acts in the negative z-direction.

ZF = (R, +pA —pA cos30°)i + (R, + pAsin30°)j
+ (R, - W)k

28



5. Momentum terms

* Accumulation term for stationary control volume is

d
C_Z'-IL\' de-V= 0.

*« Momentum outflow is

D M.V, = (v cos30°)i— (7v sin30°)j.
Cs

» Momentum inflow is Zlh,-V,- = (mv)i.
6. Reaction force b
(R, +pA—pAcos30°)i + (R, + pAsin30°)j + (R, - W)k
= [mv(c0s30—1)]i— (mv sin30°)j
» Equating components
R, +pA—-pAcos30° = mvcos30°—my
R, +pAsin30° = —mv sin30°
R.—W=0

29



» Pressure force
pAd = (75 KN/m’) (7 x 0.5 m”) = 58.9 kN

» Fluid speed

(2 m’/s)

(% 0.5° m")

v=Q0/A= = 2.55m/s

*» Momentum flux

mv = pQOv = (0.94 x 1000 kg/m>)(2 m’/s)(2.55 m/s)
= 4.79 kN

Reaction force in x-direction
R, = —(pA+mv)(1-cos30°)
= —(58.9+4.79)(kN)(1 — cos30°) =1-8.53 kN




Reaction force in y-direction
R, = —(pA + mv)sin30°
= —(58.9 +4.79)(kN)(sin30°) =-31.8 kN

Reaction force in z-direction. (The bend weight includes
the oil plus the empty pipe).

W=vy¥+4KkN
= (0.94%9.81 kN/m’)(1.2 m’) +4 kN = [15.1 kN

Reaction force vector
R = (=853 kN)i+ (-31.8 kN)j + (15.1 kN)k
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EXAMPLE 6.9 FORCE ON A SLUICE GATE

A sluice gate is used to control the water flow rate over a
dam. The gate is 6 m wide, and the depth of the water above
the bottom of the sluice gate is 5 m. The depth of the water

upstream of the gate is 6 m, and the depth downstreamis | m.z ... ...

Estimate the flow rate under the gate and the force on the
gate. The water density is 1000 kg /m”.

Sketch:

Y

Streamline —/ 32




Solution

1. The control volume selected is shown. The control volume
is stationary.

f

[ [6)) i
----------- 1 X =TT ¥ T L T T i T X5
] I | |
! 1 | I
| ' : |
| : | :
: —F; : :

Fi—> : iy —>| !
i | | |
: . 9 | I
| F | v
! = : I <

FD MD

2. The force diagram shows forces due to pressure and the
force on the gate.

3. The momentum diagram shows an influx and outflux of
momentum.

4. Component form of momentum equation in x-direction.
_d . :
ZF!: o EJ va P d¥+ %mov()x - ; mivi.

5. The Bernoulli equation between points a and b along the
streamline.

Cc

2 2
%4 V

a

Y 2g v 2g



The piezometric pressure is constant across sections 1 and

Pa +z,=d, and 28 + z; = d,. From continuity
Y Y

equation, Eq. (5.27), v,d,w = v,d,w where w is the flow

width. Combine the Bernoulli and continuity equations. g

2,80 —

e =
%-—;u—_—g_ﬂ}r&_._- B >

72
2¢(d,-d,) = v%—v% = v%( —;;]
1

|
Vg = J2g(d]—d2)

2

} .
2

dl

Velocities and discharge

vy = ————uJ2 % 9.8 m/s® (6—1) m = 10.045 m/s

2l

i = A0
d] 6 m

Vi

X 10.045 m/s = 1.674 m/s

Q = v,dyw = 10.045 m/s X 1 mx 6 m =|60.3 m”/s -




6. Sum of the forces from force diagram
ZF\‘zFl_FZ_FG

From equation for force on planar surface, Eq. (3.23),
F = pA,

‘Ydl
Fl 5 d

’de
F2 5 d,_

7. Evaluation of momentum terms

» Accumulation term for steady flow is g;J v.pd¥=0,
cv |

* Momentum inflow with one inlet is Z miv,, = mv,.

* Momentum outflow with one outlet is 2 M,V = MYy,

CS 35



8. Force on sluice gate

w—%dgw—FG = (v, —v,)
L T
Fg= Zw(dl —dy) +pQ(vy—vy)

_ 9810 N/m’
2

x 60.27 m’/s x (1.674 - 10.045)

F, x 6 m(6° —1%) m” + 1000 kg/m’

526 kN
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EXAMPLE 6.10 JET IMPINGING ON
MOVING BLOCK

A stationary nozzle produces a water jet with a speed of
50 m/s and a cross-sectional area of 5 cm?. The jet strikesa

;.l,

moving block and is deflected 90° relative to the block. The
block 1s sliding with a constant speed of 25 m/s on a surface
with friction. The density of the water is 1000 kg/m°. Find

the frictional force F acting on the block.
Solve the problem using two different inertial reference
frames: (a) the moving block and (b) the stationary nozzle.

Sketch:

@
Flow —>Q>‘—b> ®_/—
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Solution

1. The control volume selected is shown in the sketch. The
control volume is not stationary.

a

A
© _- |

’_/
V] e r :
I
l

L

MD

2. The force diagram shows one force in the horizontal

direction.

3. The momentum diagram shows an influx and outflux of

momentum.

|
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4. Momentum equation
d ; ;
zFx = Zf;‘j v, pd¥+ Zmovm,—Zmivh,
R CS CS

5. The sum of the forces

ZF.\’=—F

6. Evaluation of terms in momentum equation
(a) Inertial reference frame on cart

* Accumulation term with v, = 01s d% J v, pd¥=0.
(Y

* Momentum inflow for x-component of velocity at

station 1, v, = v;— v, 1s

> mv,, = m(v;—vp)
Ccs

* Momentum outflow for x-component of velocity at
station 2, v, = 0, is

Zmovo.\r = 0
CS
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(b) Inertial reference frame at nozzle

* Accumulation term with v_ = v, = constant, is

-civaxpdV= 0.

dt -,
* Momentum inflow for x-component of velocity at
station 1, v, = v, , Is

j ?
Zmivix = ¥
cs

* Momentum outflow for x-component of velocity at
station 2, v, = v, 1S

Z mOvox = mvb
CS

7. Mass flow rate. Since flow is steady with respect to the
block, m; = m, = m.

= pA(V;— V)

40



8. Evaluate force.
(a) Moving block as inertial reference frame

—F'=_pd(v,—w)

F = pA(v] = Vb)2 g

(b) Stationary nozzle as inertial reference frame

== MYy — BV =~ Py— V)

2
F'= pA(v—vp)
Force on cart

F. = (1000 kg/m’)(5 x 10~ m”)(50 — 25)*(m/s)’
F.=[312N

X

Review

Note that the same answer for force i1s obtained independent "
of the inertial reference frame chosen.



