Chapter 10

Fourier Series

Periodic functions

A function f{x) is called periodic if it is defined for all® real x and if there is some positive

number p such that
(1) flx + p) = flx) for all x.
This number p is called a period of f(x). The graph of such a function is obtained by

periodic repetition of its graph in any interval of length p (Fig. 236). Periodic phenomena
and functions have many applications, as was mentioned before.

e ==

ig. 236. Periodic function
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From (1) we have f(x + 2p) = fl(x + p) + p] = f(x + p) = f(x), etc., and for any

integer n,

(2) flx + np) = f(x)

Hence 2p, 3p, 4p, - - - are also periods of f{x). Furthermore, if f(x) and g(x) have period

p, then the function
hx) = af(x) + bglx)

also has the period p,

If a periodic function fix) has a smallest period p (> 0), this is often called the
fundamental period of f(x). For cos x and sin x the fundamental period is 2, for cos 2x
and sin 2x it 1s 7, and so on. A function without fundamental period is f = const.

for all x.

(g, b constant)

Trigonometric Series

Our problem in the first few sections of this chapter will be the representation of various

functions of period p = 2 in terms of the simple functions

(3) 1, cosx, sinwx, cos2x, sin2x, - -, cos nx, sinnx, ---
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Fig. 237. Cosine and sine functions having the period 27
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These functions have the period 2. Figure 237 shows the first few of them.
The series that will arise in this connection will be of the form

(4) ag + a,cosx + bysiny + azcos 2x + by sin2x + -0,

where ag, ay, dg, = -+, by, bg, - - - are real constants. Such a series is called a trigonometric
series, and the a,, and b,, are called the coefficients of the series. Using the summation
sign,® we may write this series

(4) ‘ da E {a,, cos nx + b, sin nx).
n=1
The set of functions (3) from which we have made up the series (4) is often called the
trigonometric system, to have a short name for it.
We see that each term of the series (4) has the period 27. Hence if the series (4)
converges, its sum will be a function of period 2.

The point is that trigonometric series can be used for representing any practically
important periodic function f, simple or complicated, of any period p. (This series will
then be called the Fourier series of f.)

Euler Formulas for the Fourier Coefficients

t ®
(a) ay = EJ‘ flx) dx

1 o
(b) dy = —J- fix) cos nx dx n=12---
mex

(c) b, = lf fix) sin nx dx n=12---,
Ty

These numbers given by (6) are called the Fourier coefficients of f(x). The trigonometric
series

o

(7) ag + 2, (a, cos nx + b, sin nx)

n=1

with coefficients given in (6) is called the Fourier series of f(x) (regardless of
convergence—we shall discuss this later in this section). 6
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Rectangular wave
Find the Fourier coefficients of the periodic function fix) in Fig. 238a. The formula is

Example 1

—k if ax= )
flxy = and flx + 27 = flx).
k if O0<x<w

Functions of this kind occur as external forces acting on mechanical systems, electromotive forces in electric

circuits, etc. {The value of f(x) at a single point does not affect the integral; hence we can leave f(x) undefined
agtx=0and x = =)

Solution. From (6a) we obtain ap = 0. This can also be seen without integration, since the area under the
curve of fix) between —w and w is zero. From (6b),
1 ™ 1 [ -0 T
fy = — J’ "ff.r) Cos R dx = e _J’ “f—k} cos nxdx + L kcosnx dxj|
:| "
0

because sinnx = O at =, 0, and «forall n = 1, 2.+ » - _ Similarly, from (6c) we obtain

1 sin nx [© sin mx

W n

= "

1 w 1 [ a0 T
b, = - J_Tf(x] sinnxdx = - _J_w(—k:l sinnxdx + Ju k sin nx dx
_ | _k cos nx |0 cos ax |7 7
B | B - R ol
Since cos {(—a) = cos a and cos 0 = 1, this yields
2k
b, =—/[cos0 — cos (—nw) —cosnr +cos0] = — (1 — cos nm).
nmw nar
Now, cos 7= —1, cos 27 = |, cos 3w = —1, eic,; in general,
—1 forodd n, 2 for odd n,
CO8 N9 = and thus 1 — cos nr =
1 foreven n, 0 for even n.
Hence the Founier coefficients b, of our function are
b s 0 b ‘i b 0 b "
1= by =0, 3= 3 g =10, 5= 5.0
Since the a,, are zero, the Fourier series of fix) is
4k 1 | 1 .
(8) —|sinx 4+ —sin3x+ —sindx+ -] .
T 3 5
8
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{b) The first three partial sums of the corresponding Fourier series 9
Fig. 238. Example 1
The partial sums are
4k 4k [ i
§; = —sinx, §s = —|sinx + —sin3x]) , ete.,
™ T 3

Their graphs in Fig. 238 seem to indicate that the series is convergent and has the sum f(x), the given function.
We notice that at x = 0 and x = 7, the points of discontinuity of f(x), all partial sums have the value zero, the
arithmetic mean of the values —k and k of our function.

Furthermore, assuming that f(x) is the sum of the series and setting x = 7/2, we have

K _k_ﬂ( 1,1

ki
Fo— = —
4

thus
4' 0
5 7

This is a famous result by Leibniz (obtained in 1673 from geometrical considerations). It illustrates that
the values of various series with constant terms can be obtained by evaluating Fourier series at specific
points. <

10
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Functions of Any Period p = 2L
The functions considered so far had period 2, for simplicity. Of course, in applications,
periodic functions will generally have other periods. But we show that the transition from
period p = 2 to period® p = 2L is quite simple. It amounts to a stretch (or contraction)
of scale on the axis.

If a function f(x) of period p = 2L has a Fourier series, we claim that this series is

(1) flh= et &

n=1

niw * R
d,, COS 0T + b sme

with the Fourier coefficients of f(x) given by the Euler formulas

1 L
@ =53] fwa
L5

le 0 n'frxdx
3 _fo cos 3 n

b a,= =1 e
.c ”_LLL x)smL n 2o "
Periodic square wave
Find the Fourier series of the function (see Fig. 240)
D if =2« g<—l
fo =1k if -1<x< 1 p=f=d L=?
0 if l < x%x 2
flx)
k
IR
-2 -1 0 1 2 x
Fig. 240. Example 1
12
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Solution. From (2a) and (2b) we obtain

k

1 2 - 1 1
dp = — ) dx = — kdx = —
R f_zf 4 f_l 2

2

1 J‘2 ) nmx / 1 J‘l P X d 2k nw
= = x)cos —dx = — 8 X = —3§ .
' > _zf(x 2 dx 2 ), cos 3 X - sin 2

Thus a,, = 0 if n is even and

a, =2kinm if n=1,509,---, a, = —2kinmr if n=3,711,---.

From (2¢) we find that b, = 0 forn = 1, 2, - - - . Hence the result is

WO N (S AR (SR I SR T
fb\J—2 — |cos 7 3 Cos - x + Scos —x — o .
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